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WEIGHTED ESTIMATES FOR MULTILINEAR 

COMMUTATORS OF MARCINKIEWICZ INTEGRALS 

WITH BOUNDED KERNEL 

JlANGLONG WU 1 QlNGGUO LlU 2 



Abstract: Let n~ t be the multilinear commutator generalized by hq, the n-dimensional 
"*^ Marcinkiewicz integral with the bounded kernel, and bj £ Osc expi r j (1 < j < m). In this 

I^H . paper, the following weighted inequalities are proved for u £ A^ and < p < oo, 



ll/*n(/)lli*M < C||M(/)|| LPM , ||/^(/)IIl^) < C||M L(logL)1/r (/)|| LPM . 

The weighted weak L(logL) 1 ' r -type estimate is also established when p = 1 and wGij. 

Keywords: Marcinkiewicz integral; multilinear commutator; sharp function; A„ weight 
> ■ 
"tf" ; MR(2000) Subject Classification: 42B20; 42B25; 42B30 

1 Introduction and Main Results 

O 

CO ' Suppose that S n is the unit sphere in R n (n > 2) equipped with the normalized Lebesgue 

measure da. Let O € L (jS" 1 ) be a homogeneous function of degree zero which satisfies the 

cancellation condition 



f n(x')dx' = o, (i.i) 

Js™- 1 
where x' = x/\x\ (Vx ^ 0). 

The n-dimensional Marcinkiewicz integral corresponding to the Littlewood-Paley (7-function 
introduced by Stein m is defined by fi Q (f)(x) = ( / °° |F Qii (/)(x)| 2 f f'\ where F 0|t (/)(*) = 

J\x-y\<t \ x -y\n-if(y)dy- 

As usual, we denote by A p (1 < p < oo) the Muckenhoupt's weights class. We denote [uj]a p 
as A p constant (see [2] Chapter V or [3j Chapter 9 for details). Operators that map L p to L q 
are called of strong type (p, q) and operators that map L p to L q,co are called of weak type (p, q) 
(see [3] p. 32). Let 

i+4 n + n\ / lo S*' whent > 1, 

log t = max log t, U) = < 

I 0, when < t < 1, 
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where logt = hit, and we denote by L(logL) the set of all / with f Rn \f(x)\ log + \f(x)\dx < oo 
(see [2] p. 128; [3] §7. 5. a ). Here and in what follows, ||6||* denotes the BMO norm of b (see [3] 
Chapter 7 for details). 

In 1958, Stein proved that pn is of strong type (p,p) for 1 < p < 2 and of weak type (1, 1) 
when £1 G Lip Q (0 < a < 1), that is, there is a constant C > such that 

\n{x')-n{ y ')\<c\x' -y'\ a , v^t/'es^ 1 . (i.2) 

In 1990, Torchinsky and Wang studied the weighted LP -boundedness of po, when f2 satisfies 
(jl.ip and (|1.2p . They also considered the weighted LP -norm inequality for the commutator of 
the Marcinkiewcz integral, which is defined by 

m (fV , ( r f (b(x)-b(y)r^(x-y) f/ > , 2dt\V2 

v>n,bU){ x ) = I / / 1 i^zi /(y)dy 

Wo ^|x— y |<i \x-y\ n 



m g N. 
t 3 . 



In 2004, Ding, Lu and Zhang studied the weighted weak L(logL)-type estimates for Pn b , 
precisely, if oo G A\, b G BMO, O satisfies (II. ip and (II. 2p . then, for all A > 0, there exists a 
constant C > 0, such that 



W ({* G R" : \^ b (f)(x)\ > A}) < C^ !^l(l + log+ IMiJ 



w(x)dx. 



In 2008, Zhang studied the weighted boundedness for the multilinear commutator of 
Marcinkiewicz integral p n ? when fl G Lip a (0 <a<l), 0<p<oo and ui G A^ (see [3] 
§9.3), and established a weighted weak L(logL) 1 ' r -type estimate whenp = 1 and oj G A\, where 

Ma,6(/)W = ( r / , T^^(n(M-)-^(y)))/(^ 2 |) 1/2 , ^GN. 

And in 2012, Zhang, Wu and Liu establish the weighted weak L(log L) m -type estimate for 
p^ r when Q satisfies a kind of Dini conditions. 

In 2004, Lee and Rim proved the LP boundedness for pa when there exist constants C > 
and p > 1 such that 

|fiOO - n(y')| < -7 — -^ (1.3) 



(iogR 1 ^) 



holds uniformly in x , y G5 n , and $7 G L°°(S n ) be a homogeneous function of degree zero 
with cancellation property ([Lip . In 2005, Ding studied the weak (1,1) type estimate when 
p > 2 and n satisfies (fTTTj) and (fl~3j) . 

In the following, we will always assume that $7 G L°°(5' n ~ 1 ) and satisfies (jl.ip and (|1.3|) . 
where p > 2. Let m be a positive integer. For & = (&i, 62, • • • , 6 m ), 6j G Osc eX pj/j , Tj > 1(1 < 
J < m), we denote 

nii^iiosc oxp ^.. (1.4) 

For the definitions of Osc exp L'-, || ■ ||osc cxpL r and M L(logL) i /r , see §2. 
Our results can be stated as follows. 
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Theorem 1.1. Let < p < oo and suppose that u 6 A^. For p > 2, $7 £ L°°(S n ^ 1 ) is 
homogeneous of degree zero and satisfies (jl.ip and (|1.3p . Then there is a positive constant C, 
such that 

/ |0o(/)(x)|M*)d*<c[w]iL / [^(/)(^)] p w(x)dx 

for all bounded functions / with compact support. 

Theorem 1.2. Let < p < oo, uj € Aoo and 6j € Osc exp £/v , ^ > 1 (1 < j < 771). r and 
||6|| be as in ()1.4|) . For p > 2, il € L°°(S n ~ 1 ) is homogeneous of degree zero and satisfies (jl.ip 
and (|1.3|) . Then there is a positive constant C, such that 



| Mn s(/)(aO|Mx)dz<C||&r / [M L(logL)1/ ,.(/)(x)fa;(x)dx (1.5) 

R" ' JR" 

for all bounded functions / with compact support. 

Since r,j > \{j = 1, 2, • • • , m), then M L n ni/ r is pointwise smaller than M£( logi )m. Noting 
that M£(i g mtji is equivalent to M m+1 , the m + 1 iterations of the Hardy-Littlewood maximal 
operator M (see (21) in [TO]), by using the weighted LP -boundedness of M again, from Theorem 
11.21 we have the following result. 



Corollary 1.1. Let 1 < p < 00, uj € A p , bj € 0sc cxp j7j, rj > 1 (1 < j < m), r and ||6|| 
be as in (|1.4|) . For p > 2, fl € L°°(5 n_1 ) is homogeneous of degree zero and satisfies (|1.1|) and 
(|1.3p . Then there is a positive constant C, such that 

\p ni (f)(x)\^{x)dx<CW j \f(x)\Vu{x)dx 
R' 1 ' JK n 

for all bounded functions / with compact support. 

Theorem 1.3. Let ui G A±, bj G Osc^p^j, rj > 1 (1 < j < m), r and ||6|| be as in 

(|1.4|) . For p > 2, £1 £ L co (S n ~ 1 ) is homogeneous of degree zero and satisfies (|1.1|) and (|1.3I) . 
Let &(t) = tlog ' r (e + 1). Then there is a positive constant C, for all bounded functions / with 
compact support and all A > 0, such that 



u({x£K n :p ni ;(f)(x)>X})<C [ $| 

JR" 



^)»Wv- 



The remainder of the paper is organized as follows. In §2, we will recall some notation and 
known results we need, and establish the basic estimates for sharp functions. In §3 we prove 
Theorem 11.11 and 11.21 In the last section, we prove Theorem 11.31 

Throughout this paper, C denotes a constant that is independent of the main parameters 
involved but whose value may differ from line to line. For any index p £ [1, 00], we denote by 
p' its conjugate index, namely, 1/p + 1/p' = 1. For A ~ B, we mean that there is a constant 
C > such that C~ l B < A < CB. 
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2 Preliminaries and Estimates for Sharp Functions 

As usual, M stands for the Hardy-Littlewood maximal operator. For a ball B in R n , denote 
by Jb = |-B| -1 fg f{y)dy. We need the following variants of M and the Fefferman-Stein's sharp 
function. For 5 > 0, define 

M 5 (f)(x) = [M(\f\ s )(x)] 1/S , M«(/)(x) = [M*(\f\ s )(x)] 1/5 , 

where 

M«(/)(x) = supinf^ T / |/(y) - c|dy « sup t^t / \f(y)-f B \dy. 

B3x c \B\ Jb B3x \b\ J b 

The following relationships between Ml and Ms which will be used is a version of the classical 
ones due to Fefferman and Stein (see [2] p. 153). 

|lOHl2l 

Lemma 2.1. (a) Let uj € A^ and <f> : (0, 00) — > (0, 00) be doubling. Then there 

exists a positive constant C, depending upon the doubling condition of 4>, such that, for all 
A, <5>0 

sup<XAV({y S R" : M 5 (f)(y) > A}) < C[u] Aoo sup^»(A)^({y € R" : M»(/)(y) > A}), 
A>0 A>0 

for every function / such that the left-hand side is finite. 

(b) Let u £ Aoo and < p, 5 < 00. Then there exists a positive constant C, depending upon 
p, such that 

/ [Ms(f)(x)] p u(x)dx<C[ur Aoo f [Ml{f){x)] p u{x)dx, 

for every function / such that the left-hand side is finite. 

A function $ defined on [0, 00) is said to be a Young function, if <J> is a continuous, non- 
negative, strictly increasing and convex function with $(0) = and lim <!>(£) = 00. Define the 

t— >oo 

$— average of a function / on a ball B by 

||/||*, B = inf J A > : ±- J^(\iM.y y < 1 J. 
The maximal operator M$ associated with the ^—average, || • ||$,b, is defined by 

M*(/)(x) = sup||/||* rB) 

B3x 

where the supremum is taken over all the balls B containing x. 

When $(£) = £log r (e + t), we denote || • \\^b an d M$ by || • \\L(logL) r ,B an d M L ^ ogL y, 
respectively. When $(i) = e* — 1, we denote || ■ \\$,b an d M§ by || • ||expL r ,s an d M exp ir. If 
k € N then M L(logL)m ~ M m+1 (see (21) of [TO]). 

We have the generalized Holder's inequality as follows, for details and the more general cases 
see Lemma 2.3 in |llj . 
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Lemma 2.2. Let n, • • ■ , r m > 1 with 1/r = 1/ri + • • • + l/r m and -B be a ball in R" 

Then there holds the generalized Holder's inequality 

1 



\B\ 



B 



\fl{x) ■ ■ ■ f m (x)g(x)\dx < C||/i|| exp i,n,B • • • ||/m||expi'-m,B||3|| J L(i gi)l/r ]B . 



For r > 1, we say / G Osc cxp Lr if /eL^^R") and ||/||osc oxpL r < oo, where 

losc cxpL r = Slip ||/ — /s||expL r ,_B> 



B 

and the supremum is taken over all the balls B C R n . 

By John-Nirenberg theorem (see [2] or [13])) it is not difficult to see that Osc exp ^i = 
BMO(R") and Osc cxp £r is contained properly in BMO(R n ) when r > 1 (see [14]). Furthermore, 
||6||* < C||6||osc cx L r when b G Osc exp L r and r > 1 (see [6]). For more information on Orlicz 
space see [15]. 

We will take the point of view of the vector-valued singular integral of Benedek, Calderon 
and Panzone . Let 7i be the Hilbert space defined by 

n = S [ h-. n/ l || w = Q 00 M^dty /2 <oo 

For all i£R" and t > 0, let 

J\x-y\<t l x y\ j=l 

Then for each fixed x € R n , i 7 h,i(/)(a;) and F n £ t (f)(x) can be regarded as mapping from [0, oo) 
to T-L, and 

im(f)(x) = \\F Q ,t(f)(x)\\n, ^f)(x) = II^C/)^)!^- 
The following pointwise estimates for the sharp function of \x come from [17j . 

Lemma 2.3. Let < 5 < 1, /, /in(/) be both locally integrable function. For p > 2, 

O G L 00 (S' n_1 ) is homogeneous of degree zero and satisfies (jl.ip and (jl.3p . Then there is a 
positive constant C , independent of / and x, such that 

M»(mo(/))(s) < CM(f)(x), a.e. x G R". 

Some ideas for the proof of Lemma 12.31 come from [5] . For details and the more information 
see Lemma 3.2.4 in |17| . 

For the multilinear commutators //^ g, there holds a similar piontwise estimate. To state it, 
we first introduce some notations. For all l<j<m, we denote by c £"j a the family of all finite 
subsets a = {cr(l), • • • , a(j)} of {1, 2, • • • , m} with j different elements. For any a G c €J l and 
b = (&i,--- ,b m ), we define a' = {1,2, ••• ,m}\a, b a = (6 ct( i),--- ,b a ^), and 6^ = b aW ■■■b <7 (jy 
For any vector (r ff m, ■ ■ ■ ,r a (j\) of j positive numbers and l/r CT = l/r^fi) + • • • + l/r„u\, we 
write 

\K\\ = ||6 CT ||OsC expLI . CT = 11^(1) l|OsC cxpLMl) ••• ll^(j)l|OsC cxpL r CTW . (2.1) 
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For any a = {a(l), ■■■ , a(j)} £ tf™ and b a = (b a{l) , ■ ■ ■ , b a ^), we write 

J \X — V \<t l X ill .-_ 1 ' 



i=\ 



and 



Mn,? CT (/)(*) = W F ntJf)(x)Wn- 

If a = {1, • •• , m}, then a' = 0. We understand fi^ g = fi n ? and n n r = fin. 

rm _ * 

Lemma 2.4. Let r^ > 1, 6j G Osc L ' J (1 < j < m), r and ||6|| be as in (|1.4p . For 

p > 2, £ L°°(S' n ~ 1 ) is homogeneous of degree zero satisfying (jl.ip and (|1.3p . then for any 5 

and e with < <5 < e < 1, there is a constant C > 0, depending only on 5 and e, such that, for 

any bounded function / with compact support, 

m 

M»(^(/))(x) < c(||?||M L(logi)1/r (/)(x) + £ J2 ll^llosc cxpLrCT M £ (^ 4/ (/))(x) 

Some ideas for the proof of Lemma 12.41 come from [5j[6lllCH[l~T] . For details and the more 
information see Lemma 3.2.5 in |17j . 

Remark 1. Noting that (jl.3p is weaker than Lip Q (0 < a < 1) condition, the main results 
in this paper improve the main results in [6] . And the Theorem 11.31 is equivalent to the theorem 
4.1.1 in [18] when b\ = 62 = • • • = b m . 



3 Proof of Theorems 1.1 and 1.2 

The proof of Theorem 11.11 is similar as Theorem 1.1 in [6], So, we omit the details and only 
give the proof of Theorem 11.21 here. For brevity, we write 

i/p 

[X)\\lp( 



3 (w) = ( / \h(x)\ p cj(x)dx) , forO < p < 00. 
Proof of Theorem 11.21 Without loss of generality, we assume 

[M L{logL)1/r (f)(x)]Mx)dx < 00, (3.1) 



R» 

since otherwise there is nothing to be proven. We divide the proof into two cases. 

Case I Suppose that u and bj (1 < j < m) are all bounded. Firstly, we take it for granted 
that, for all bounded functions / with compact supports, 

/ [M,5(/* n j(/))(s)]Mz)dz<°o (3-2) 

holds for < p < 00 and appropriate 5 with < 5 < 1. 
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Under the assumption of (|3.2p . we will proceed the proof by induction on m. For m = 1, 
b = b\, /i„ r = Mn,6i- By Lemma 2.1 (b) and Lemma 2.4, for < 8 < e < 1, we have 

llA*n,6i(/)l|jy(w) < \\M s (pn,ln.(f))\\w(u) < C\\Ml(^ bl {f))\\ LP{ul) 

f \ (3-3) 

< G|l fo illosc oxpLri (J|M L(logL)1/ri (/)|| LPH + ||M e (/in(/))||£i»( w )J. 

Since w E ^4ooi there is a po > L such that uj 6 j4 Po . We can choose <5 > small enough, so 
that p/S > pq. SowG ^-p/s- Then by the definition of M$ and the weighted L p ' s — boundedness 
of the Hardy-Littlewood maximal operator M, we have 

[M s ( m (f))(x)]Puj(^dx = [ [M(\^(f)\ s ){x)fl s u(x)dx 
R " J f n (3.4) 

< / \nn(f)(x)\i>cj(x)dx. 

This, together with fl3J3|), Theorem O and the fact M(f) < CM L{logL y /s (f) for any s > 0, 
gives 

||WV>i(/)||l>(u;) < C'||6l||0sc <H£pI ,r 1 (j|- M L(logZ,) 1 />-i (/)||l^(w) + ||Mq(/)IUj>(<j) J 

< CUftiHos^^ (l|M L(logL)1/n (/)|| LPM + ||M(/)|| LPM ) 

< C||&l||Osc expm H-Mi(iogi)i/T-i(/)l|LP( £ j)- 

Now, suppose that the theorem is true for 1, 2, • • • , m— 1 and let us prove it for m. Recall that, 
if <7 = {cr(l), • • • ,o"(j)}(l < j < m) and the corresponding satisfies l/r CT = l/r ff m + • • ' + l/ r o-(j)i 
then cr' = {1, • • • , m} \ <r and the corresponding r a i satisfying l/r a i = 1/r — l/r a . Reasoning as 
in (|3.4p . for 9 > small enough, we have 



[M fl (/i n s ; (/))(s)]M*)dz < C / |/* og ,(/)(x)|^(x)dx, (3.5) 

R» ' CT JR» 

The same argument as used above and the induction hypothesis give us that 

\K rb (f)\\ LPH < I|m*(m 0i j(/))||lp( W ) < cp4(^ g (/))|| LPM 

<C||6||||M L(logL)1/r (/)|| iPH +C^ J2 H^llosc cxpLr J|M e (^ igCT/ (/))|| LPM 

j = l crG^f™ 



<C\\b\\\\M L{logL)1/ r(f)\\ LPH +CY, E H^IIOsC cxpLr J|^ 4 ,(/)||LP(. 

<C||6||||M L(logL)1/r (/)|| LPH 



j = l <tG^ 



+ C E S H^ll0sC cxpi rJ|^||0 S C ^, ||M 1/r(T ,(/)|| 



j=i <re^ 



/ L(logL) 1 /'V^ll£ p M 



< 



C 'll fo llll M L(logL) 1 /r(/)llLP(a;), 



where the fourth inequality follows from (|3.5p and the last one follows from the fact that 

M L { ^L)^Af)<M L(XogL) Ur(f). 
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To finish the proof of this special case of Theorem 11.21 we need to check (|3.2p . From (|3.5|) . 
it suffices to prove 

/ \fi n ^(f)(x)\ p uj(x)dx < oo, VO<p<oo. (3.6) 

JR» 

whenever the weight u and the functions bj (1 < j ' < m) are all bounded. 
Assume that supp/ C B = B(0, R) for some R > and write 



\fi a ? (/)(x)|P W (x)dx = / |/x n j(/)(x)p W (x)dx + / |/x n i (f){x)\P U (x)dx = 1 + 11, 

R™ ' J2B ' J(2B) C 

Noting that uj and bj are all bounded, by the Holder inequality, the induction hypothesis 
and the fact M L ^ ogL ^m ~ M m+1 , L P//<5 — boundedness of M , there is 

K(x)\ p \Vn, K ,(f)(x)\Mx)dx < Cullb^^lB] 1 - 6 ^/]]? < oo. 

IB 

This and the definition of /i^ ?(/) give us that 

7 ^ C EE/ !^(^)n^n,6 CT ,(/)(^)| p a;(x)dx<oo. (3.7) 

j=io-e«'/ n B 

To deal with II , we first estimate /x n r(/)(x) for x G (2B) C . |x|/2 < |x — y| < 3|x|/2 
when x G (2B) C and y £ B. Noting that £1 G L co (S n ~ l ), u and 6j are bounded functions and 
|xj ~ |x — y\ when x G (2B) C and y G -B, there is a constant C^ r , depending on the L°° -norm 



of n, bj and u, such that 



MfljC/)^) ^ C 'll n llL°°(S»- 1 )ll b lll,°°(R")( / / I _ i ra _i d £/ 



oc 



|/(l/)l , 2 dA V2 



|x-j/|<t F ~~ 2/1 



l/WI / /• <i^ 1/2 



JR™ F ~~ 2/1 \J|a;-y|<t r / 

jr» f — v\ ' \ AD \ jr." 

By (pLHJ) and the fact that M(f){x) < CM L(logL) i/ r (/)(x), it follows from flH]) that 



J/ < C n^ [M L(logL)lA (/)(x)f W (x)dx < oo. 

' ' J{2B) C 



This together with (13 jTJ) shows that (I3.6P is true when w and 6j are bounded functions, so 
does ()3.2p . And then Theorem 11.21 is proven for this special case. 

Case II For unbounded uj and bj, we will truncate the weight u and the functions bj(j = 
I,--- , m) as follows. Let JV be a positive integer, denote by ojn = ini{uj,N} and by 6^ = 
(bi , • • • , 6^)' where b^ is defined by 



6f(x) 



N, when 6j(x) > iV, 

bj(x), when |fy(x)| < N, 
-N, when bj(x) < —N. 
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By Lemma 2.4 in [11], there is a positive constant C independent of N such that 

\\bj ||OsC r r, < 1 1 foj 1 1 OSC r r,- (3.9) 

J cxp L J 1 1 j 1 1 cxp £ J 

Applying (jl.5j) for ™ and ujn, and using (|3.9p . we have 



L 



\n n%N {f){x)\Vu N {x)&x<C\W / [M L{logL)1/ r(f)(x)}*>co(x)dx. (3.10) 

Next, taking into account the fact that / has compact support, we deduce that 6^ converges 
to bj and b^, x \ ■ ■ ■ b^-^f converges to 6 CT (i) • • • b a ^f in any space LP for p > 1 as N — > oo. Recall- 
ing the L p -boundedness of /in , we claim that, at least for a subsequence, {|/i^ gjv(/)(^)| p WAr(x)}^ = 
converges pointwise almost everywhere to \/i n g(/)(x)| p cj(x) as TV — > oo. 

This fact, together with f|3. 10|) and Fatou's lemma, finishes the proof of Theorem 11.21 □ 

4 Proof of Theorem 11.31 

The idea of the proof of Theorem 11.31 follows that of Theorem 1.5 in |llj . We first prove the 
following lemma. 

Lemma 4.1. Let u G A^, $(£) = tlog ' r (e + t), b, r, and rj be the same as in Theorem 1 1.31 
Then for p > 2, Q, G L co (S n ~ 1 ) is homogeneous of degree zero and satisfies (jl.lj) and (|1.3p .there 
exists a positive constant C such that 

u({y G R" : Ml^ Qi {f)){y) > t}) ^{y G R" : M*(\\b\\f)(y) > t}) ,. ^ 

S *a/t) - G SJ *(t) 

for all bounded functions / with compact support and all < 5 < 1. 
Proof. To use Lemma 2.1 (a), we first check that 



1 

1>o $(T/t) 



SU P HJT^ U ({ X G Rn : M e(^n b(f))( x ) >t})<oo (4.2) 



for all bounded functions / with compact support and all 5 with < 5 < 1. 

We only prove (I4.2p for the special case where u and 6j are bounded functions. For the 
general case, we consider the truncations of ui and b as in the proof of Theorem 1.2, by a 
limit discussion, this time, we take into account the weak (1,1) boundedness of hq that gives 
the convergence in measure. Then we can obtain (|4.2p for all to and b with the hypotheses of 
Lemma 4.1, we omit the details. 

Assume that supp/ C B = B(0, R), Then, for any < e < 1 

u{{x G R" : M £ (p n j;(f))(x) > t}) u({x G R" : M e ( X2B p n g (/))(x) > t/2}) 

SU P »/, / n < ^e SU P ^ ,- i r 

t>o *(!/*) " t>o *(l/t) (43) 

+ C e sup— ^({x G R" : M e (x ( 2B)cM n| s(/))(x) > t/2}) = C e (/ + //), 
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where C e is a positive constant depending on e. 

For I, making use of the weak (1,1) boundedness of M and [^(l/t)] -1 < Ct, and noting that 
uj and bj are all bounded. Then there is a positive constant C u , depending on u, such that 

I < C„su V t\{x G R n : M £ (x2BV u t(f))(x) > t/2}\ 
t>o 

<C U [ \pi n ^f)(x)\dx < C^\B\ l ' 2 ( f \fj, nB (f)(x)\ 2 dx) < oc, 

J2B ' \J2B ' J 



where the last step follows as ([37 

Recall the fact that (M(f)) £ G A± for < e < 1 and / locally integrable, then 

M e (M(f))(x) = [M(\M(f)\ e )(xp* < CM(f)(x). 

Noting that u is bounded, it follows from (|3.8p and the weak (1,1) boundedness of M that 

II < C^supt-udx G R n : M £ {M{f)){x) > Ct}) 
t>o 

<C w sup£-u;({xGR n :M{f)(x) > Ct}) 
<C U [ |/(x)|dx<oo. 

Combining (j4.3|) and the estimates for I and II , we have (|4.2p . 

Now, let us turn to proving f|4.1[) by induction. For b G Osc CX pL r , write b = 6/||6||, then 
||6| = 1, and fj,^^(f)/\\b\\ = fi n &/||&i|(/) = A'nb^) - ^° we can assume that \\b\\ = 1- For m = 1, 
we understand 6 = 6, ||6|| = ||6|| sc oxpL r = 1, Mn,&(/) = l*Ci,b{f)- Therefore, to prove (|4J~J), it 
suffices to prove 

u({y£R n :Ml( m , b (f))(y)>t}) ^ uj({y G R" : M L{logL)1/r (f)(y) > t}) 

SJ WIT) ^ Cs ^ WN) ( ] 

for all bounded functions / with compact support. 

Applying Lemma 12.41 for m = 1 and any e with < 5 < e < 1, it is easy to see that the 
left-hand side of (|4.4|) is dominated by 

o;(faeR":Mfox n , h (/))(2/)>t}) o;({y £ R" : M L(log£)1/r (/)(y) > t/2» 

sup ^ — -{ < C sup — — f- 

t>o $(l/t) - t>0 *(1/*) 

, r<am "(b g R n ; Me(Mf))iy) > t/2}) 

Recall that (|4.2p is valid and since [<1?(1/£)] _1 is doubling, then by Lemma 12. II (a). Lemma 
and noting that M(f) < M L n ™ni/r(/), we have 

oo({y G R™ : M«(/^ b (/))(y) > t}) ^({y G R" : M L{logL)1/r (f)(y) > t}) 

SU P " , , , < 6 sup ' . , 

t>0 *(l/t) " i>0 $(l/t) 

_ Lj({y€K n :Ml( m (f))(y)>t}) 

+C SS WIT) 
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. n u({yeR n :M L{logL)1/r (f)(y)>t}) ^{y g R » : M (/)(y) > t}) 

" CS ^W/t~f {{y G R " : ML ( lo s L ) 1/r(/)(y) > t}) - 
This is (|4.4|) . thus, we have proved (|4.1|) for m = 1. 

Now, let us check (|4.ip for the general case m > 2. Suppose that (|4.ip holds for m — 1, let 
us prove it for m. Noting that (|4.2p is true and recalling the fact that [^(l/t)]" 1 is doubling, 
then by Lemma 12.31 and 12,41 for e with < 5 < e, Lemma 12.11 (a) and the induction hypothesis 
on (|4.1|) . we have 

u({y € R" : M|(/x g(/))(y) > t}) w({y G R « . M*(/)(y) > t/C m }) 

SUp ; r-i < 6 SUP — 

t>o *(l/t) - t>0 *(l/t) 

+ C E E sup— —-a;({yGR n : ^4(^^(11^11/))^) >t/C m }) 

j=l cre^" t>0 ^ ' ' 

< C m sup— i-- W ({y E R n : M*(/)(y) > t}) 
t>0 *(,l/ij 

m ^ 

+C-E E sup— — -a;({yGR":Mj(^^(||6 ff |l/))(y)>i}) 

1=1 ad'g m i>0 ^ ' ' 

J J 

t>o *(l/tj 

m 

+ C -E E sup— — W ({yGR":M $ (||^|lll^ll/)(y)>i}) 
i>o $(!/£) 



m ^ 

+c-E E sup $m w({2/ G Rn : M *(^)^) > *»> 



where 1 1 b CT 1 1 and 1 1 b a i \ | are as in (12. ip , and in the last step, we make use of the fact that || b a r \\ || 6 CT || = 

IN = 1- 

This concludes (|4.ip for all m, so the proof of Lemma 14. 11 is completed. D 

Lemma 4.2. Let w € Axu 3>(£) = tlog 1 ' r (e + £), 6, r, and r^ be the same as in Theorem 
11.31 For p > 2, SI € L°°(5' n_1 ) is homogeneous of degree zero and satisfies (jl.ip and (jl.3p . there 
exists a positive constant C such that 

u({y G R« : ^g(/)(y) > t}) ^ ^ w({y € R" : M (||6||/)(y) > t}) 

SUp r 7- . . < C SUp - . , 

«>o *(l/t) " t>o *(l/t) 

for all bounded functions / with compact support. 

The proof is similar as the proof of Lemma 4.2 in [6], we omit the details here. 
To prove Theorem 11.31 we need the following weighted weak- type inequality due to Perez 
and Trujillo-Gonzalez 
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Lemma 4.3. Let co G A\, <I>(i) = ilog ' r (e + t). Then there is a positive constant C, 

for any A > and any locally integrable function / , such that 



uo({y G R" : M*(/)(y) > A}) < C J *(¥M\ 



co(y)dy. 



Proof of Theorem 11.31 By homogeneity of b, we can assume that A = ||6|| = 1. Then we 
only need to prove that 



CO 



{{y GR":^ g(/)(y) > 1}) < C f <S>{\f(y)\)uo(y)dy. 

7R" 



({y G R" : ^ b (f)(y) > 1}) < Csup — ±— co{{y G R" : ^ b {f)(y) > A}) 



By $(a&) < 2<£(a)<I>(&), a, 6 > and Lemma[OJ Lemma 143} we have 

1 

A>0 ^(1/A) 
<r ^£R n :M^(/)fe)>A}) ^ 1 /• J\m\\ , , , 

- C S ^ c S¥(I7a) L H~ r (y)dy 

^ Csup ^777xT / *(l/(y)l)*(lA)w(l/)dy<c/ *(|/(|/)|)w(y)di/. 

A>0 ^U/^J JR™ ./R™ 

Then we finish the proof of Theorem 11.31 D 
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